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Insulator Strip in a Metallic State
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1Rzhanov Institute of Semiconductor Physics, Siberian Branch,
Russian Academy of Sciences, Novosibirsk, 630090 Russia
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The lifetime of electrons on edge states of a two-dimensional topological insulator against the
background of an allowed two-dimensional band has been determined. It has been shown that this
time in the case of scattering on Coulomb impurities can be significantly larger than the mean free
time of two-dimensional electrons. As a result, the conductivity of the metallic two-dimensional
topological insulator strip can be determined primarily by edge states.
Introduction
Edge states of a topological insulator are bright mani-
festations of its topological properties. These states cover
the entire band gap of the topological insulator. The
backscattering of charge carriers is forbidden in them be-
cause of topological protection. As a result, the conduc-
tance of the topological insulator in an insulating state is
ballistic and nonlocal. We showed in [1] that these states
in a number of models have a linear dispersion and ex-
tend beyond the band gap. In this work, we study the im-
purity scattering of carriers between edge states against
the background of an allowed band and two-dimensional
states. We show that, although such transitions are not
topologically forbidden, the probability of Coulomb scat-
tering is small and, correspondingly, the mean free path
of carriers on edge states is anomalously large. As a re-
sult, edge states make a significant contribution to the
conductivity, and the conductance of the long strip with
the Fermi level in the allowed two-dimensional band can
be determined by edge carriers rather than twodimen-
sional ones.
Edge and two-dimensional states of a semi-infinite
topological insulator
To calculate edge and two-dimensional states of the
topological insulator, we use the VolkovPankratovHamil-
tonian [2] adapted for a two-dimensional system [1]. This
Hamiltonian is directly applicable to a two-dimensional
insulator based on a HgTe layer with a variable thick-
ness. The thick part has a negative energy gap and cor-
responds to a topological insulator, whereas the thin part
has a positive energy gap and corresponds to a normal
insulator:
H =
(
∆(y)σ0 vσk
vσk −∆(y)σ0
)
, (1)
where k = (kx, ky) is the two-dimensional momentum
operator, σ0 is the 2 × 2 identity matrix, and σ are the
Pauli matrices. Below, except for the final expression, we
set h¯ = 1.
Further, we consider a stepwise dependence of the gap
∆(y) = ∆1θ(−y) + ∆2θ(y), where ∆1 > 0 and ∆2 < 0;
i.e., the y < 0 half-plane is the normal insulator and the
y > 0 half-plane is the topological insulator.
Hamiltonian (1) with the constant gap ∆1,2 has the
eigenfunctions
Ψ
(1,2)
k,σ = ζ
(1,2)
k,σ e
ikxx+ikyy, (2)
ζ
(1,2)
k,+1 = (1, 0, 0, α
(1,2)
k,+1), (3)
ζ
(1,2)
k,−1 = (0, 1, α
(1,2)
k,−1, 0), (4)
α
(1,2)
k,σ =
v(kx + iσk
(1,2)
y )
E +∆1,2
(5)
with the energies
E = µ
√
∆21,2 + v
2k2. (6)
Here, σ = ±1 is the spin index and the index µ = ±1
corresponds to positive and negative energies, respec-
tively; energies for real k are in the conduction and va-
lence bands, respectively. The eigenfunctions of Hamil-
tonian (1) localized near y = 0 consist of damping
waves with k
(1,2)
y = −iλ1,2, λ1 > 0 and λ2 < 0 for
y < 0 and y > 0, respectively. Using Eq. (6), we find
λ21,2 = (∆
2
1,2 − E2)/v2 + k2x.
From the condition of continuity Ψ
(1)
k,σ|y=0 = Ψ(2)k,σ|y=0,
we determine the energies of edge states E = ǫkx,σ ≡
σvkx, parameters λ1,2 = ∆1,2/v, and localized edge
eigenfunctions
ψkx,σ =
Cχkx,σ√
Lx
eikxx ×
{
e
∆1
v
y, y < 0,
e
∆2
v
y, y > 0,
(7)
χkx,+1 = (1, 0, 0, 1),
χkx,−1 = (0, 1,−1, 0),
C =
1
2
√
∆1|∆2|
v (∆1 + |∆2|) .
2Here and below, Lx Ly are the dimensions of the sample
in the x and y directions, respectively. The velocities
of electrons on localized states are σv. These localized
solutions are the only solutions in the energy range |E| <
|∆2|. However, they exist for all energies (see Fig. 1).
e
vkx -vkx
2D
E
kx
.
FIG. 1. Energy diagram of the two-dimensional topological
insulator with ∆1 = −∆2 = ∆. Edge states overlap in en-
ergy with two-dimensional ones. Impurity scattering occurs
between edge and two-dimensional states. At transitions near
the bottom of two-dimensional band, the momentum in the
edge state is much lower than the momentum in the two-
dimensional state.
Solutions delocalized in the y direction exist at E > ∆1
(∆1 > |∆2|). They can be specified by the continuous
wave vector ky > 0:
Ψk,σ =
eikxx√
Lx
× (8){
C
(1+)
k,σ ζ
(1)
k,σe
ikyy + C
(1−)
k,σ ζ
(1)
k,−σe
−ikyy, y < 0,
C
(2+)
k,σ ζ
(2)
k,σe
ikyy + C
(2−)
k,σ ζ
(2)
k,−σe
−ikyy, y > 0.
Let the incident and reflected waves exist on the side
of the normal insulator (y < 0) and the transmitted wave
exist on the side of the topological insulator (y > 0):
Ψk,σ =
eikxx√
Lx
× (9){
C
(1+)
k,σ ζ
(1)
k,σe
ikyy + C
(1−)
k,σ ζ
(1)
k,−σe
−ikyy, y < 0,
C
(2+)
k,σ ζ
(2)
k,σe
ikyy, y > 0.
It follows from the continuity of the wavefunction at
the interface that
C
(1±)
k,σ = b
(±)
k,σC
(2)
k,σ, (10)
b
(±)
k,σ = ∓
α
(2)
k,σ − α(1)∗k,σ
α
(1)
k,σ − α(1)∗k,σ
, (11)
where α
(1,2)
k,σ is given by Eq. (5) with E = µεk ≡
µ
√
∆22 + v
2k2.
The normalization of the wavefunction (9) gives
C
(2)
k,σ =
[
Ly
2
{(∣∣∣b(+)k,σ∣∣∣2 + ∣∣∣b(−)k,σ ∣∣∣2
)(
1 +
∣∣∣α(1)k,σ∣∣∣2
)
+
+1+
∣∣∣α(2)k,σ∣∣∣2
}]−1/2
.(12)
Lifetime on edge states of the two-dimensional
topological insulator
Electrons with a given spin on an edge state move in
one direction. The only possible mechanism of scatter-
ing between edge states is backscattering. However, the
conservation of spin forbids it in the absence of breaking
of the time reversal symmetry. However, edge states are
not isolated from two-dimensional states in the presence
of elastic scattering. Being in the potential of impurities,
electrons can pass from edge states to two-dimensional
states and back. To determine the lifetime of the elec-
tron τ on an edge state, we represent the probability
of scattering from the edge state to the two-dimensional
state in the Born approximation in the form
Wkx,σ;µ,k′,σ =
2π
h¯2
∑
i
∫
|Vkx,σ;µ,k′,σ|2 δ(vkx − µεk′).
(13)
Here, V (q) = 2πe2/κq is the two-dimensional Fourier
transform of the potential of an unscreened charged im-
purity, e is the elementary charge, and κ is the dielectric
constant of the medium (screening is neglected). Sum-
mation is performed over the impurity number i.
The matrix element of the impurity potential has the
form
Vkx,σ;µ,k′,σ =
∫
ψ∗kx,σV (r− ri)Ψk′,σdr, (14)
where V (r) =
∫
dqV (q)eiqr/(2π)2. In view of Eqs. (7)
and (9)
Vkx,σ;µ,k′,σ = CC
(2)
k,σ
e2
κqLx
δ (qx + k
′
x − kx)×
e−iqyyi
[
b
(+)
k,σ
(
1 + α
(1)
k,σ
)
∆1
v + i
(
qy + k′y
) + b
(−)
k,σ
(
1 + α
(1)∗
k,σ
)
∆1
v + i
(
qy − k′y
) − (15)
− 1 + α
(2)
k,σ
∆2
v + i
(
qy + k′y
)
]
.
We calculate the matrix element under the assumption
that ∆1 = −∆2 = ∆ and that the energy of the electron
is near the bottom of the two-dimensional band, E−∆ ≡
ǫ≪ ∆. The corresponding momentum transfer is q ≫ k.
These assumptions strongly simplify the answer. Then,
3in view of Eq. (15), the probability of scattering has the
form
Wkx,σ;µ,k′,σ =
3πni
κ2
( ev
2∆
)4
k′2y δ(vkx − µεk′), (16)
where ni is the concentration of impurities. Integrating
over the momentum k′, we obtain the inverse lifetime of
the electron on the edge state
1
τed
=
3π2nie
4ǫ
8κ2∆2
. (17)
The inverse transport time of scattering of twodi-
mensional electrons on charged impurities is 1/τ2 =
π2e4ni/κ
2ǫF , where ǫF is the Fermi energy measured
from ∆. As compared to 1/τ2, the found probabil-
ity of scattering of edge electrons in two-dimensional
states includes a small parameter τ2/τed = (3/8)(ǫF/∆)
2.
The suppression of scattering from edge states to two-
dimensional ones as compared to Coulomb scattering of
two-dimensional electrons is partially due to a high trans-
verse momentum of edge states (and the correspond-
ing transverse part of the energy), which reduces the
Coulomb interaction. An additional suppression factor
∼ ǫF /∆ is due to the smallness of the wavefunction of
two-dimensional electrons near the interface y = 0. This
smallness exists because the gap jump for low-energy
twodimensional electrons (at E → ∆) with nonzero kx
serves as an infinite barrier (if kx = 0, the barrier is non-
reflecting but only at the single point kx = 0).
At ǫF = 1 meV and ∆ = 7.5 meV corresponding to
the thicknesses of layers 5.6 7 nm [3], this parameter is
0.0067. As a result, edge electrons can have significant
mean free paths and, correspondingly, make a potentially
large contribution to the conductivity of the medium,
although they occupy a small area.
Conductance of a topological insulator strip
Since the one-dimensional conductivity through the
edge state is high, the conductance of the sample even
in a metallic state can be determined by its edge rather
than interior. We consider a topological insulator strip
with the dimensions Lx ≫ Ly ≫ v/∆ with a degenerate
electron gas. The conductance of the inner region in such
strip can be estimated as Σ2 = (e
2/2πh¯)kF l2Ly/Lx. At
the same time, the conductance of the edge state is Σ1 =
4(e2/2πh¯)l1/Lx. Consequently, Σ1/Σ2 = 4l1/(l2kFLy),
and Σ1 > Σ2 at LykF < 4l1/l2.
Discussion
The results have been obtained within the Volkov-
Pankratov model [2]. This circumstance is insignificant
because the reason for the smallness of the probability
of scattering is a high characteristic momentum of edge
states as compared to two-dimensional electrons, which is
insensitive to a model. It is noteworthy that developed
fluctuations of the thickness in a system with a thick-
ness close to a critical value of 6.3 nm cover the entire
sample, creating the developed network of internal edge
states. This can make the edge contribution decisive.
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